Abstract. We show that the Links-Gould polynomial of a link has finite type coefficients in a multivariate series expansion, and express the leading coefficients in terms of the linking numbers of a link.
Introduction
The Links-Gould polynomial [11] is a quantum invariant which is derived from the one-parameter family of four dimensional representations of the quantum superalgebra U q [gl(2|1)]. D. De Wit, L. H. Kauffman and J. R. Links [4] gave an explicit form of the R-matrix for the invariant, and showed that it is a powerful invariant through its evaluation. The invariant is complete for all prime knots of up to 10 crossings [3] and for the Kanenobu knots [8] , [9] . The Links-Gould polynomial is not only a powerful invariant. It is also a two-variable generalization of the Alexander-Conway polynomial [7] . In this paper, we show that the Links-Gould polynomial has finite type coefficients in a multivariate series expansion with respect to symmetrical variables, where an invariant is finite type [2] , [14] if it vanishes for singular knots with finite singularities. Furthermore, we determine the leading coefficients in terms of the linking numbers of links. This result is analogous to that on the first coefficient of the Conway polynomial of a link due to Hoste [5] .
For an ordered oriented r-component link L = K 1 ∪· · ·∪K r , we denote by λ i,j (L) the linking number of K i and K j . Let Φ be a graph with r vertices p 1 , · · · , p r and e(i, j) edges joining p i and p j . We define the invariant Λ Φ by
Let C r be the set of cycle graphs with r vertices p 1 , · · · , p r , where a cycle graph is a connected graph which forms one cycle. Then
We denote by LG(L; t 0 , t 1 ) the Links-Gould polynomial of an oriented link L. Let a 0 (L) be the finite type invariant of type 0, defined by
In [7] , we showed that LG(
Then the Links-Gould polynomial is expressed in the following form:
Preliminaries
We recall the definition of the Links-Gould polynomial. Let V be a four dimensional vector space with a basis {e i } where the map e
We define n :
Any oriented tangle diagram can be expressed up to isotopy as a diagram composed from the elementary tangle diagrams shown in Figure 1 . Furthermore any oriented tangle diagram can be expressed up to isotopy as a sliced diagram which is such a diagram sliced by horizontal lines such that each domain between adjacent horizontal lines has either a single crossing or a single critical point.
We associate the maps id V , id V * , R, R −1 , n,ñ, u, andũ to elementary oriented tangle diagrams as described in 
Let T be a (1, 1)-tangle represented by a diagram D T . We denote by T the closure of T . The Links-Gould polynomial of the link T is defined by the following identity:
For the details we refer the reader to [4] , [13] .
A family of singular links
A singular link is an immersion of disjoint circles into S 3 , which has transverse 
A We set
n singular points Figure 5 :
We have the following lemma by direct calculation.
Lemma 2. Let C be a cycle graph of length r ≥ 3. For M ∈ M
r,r , we have
Proof of theorem 1
The Links-Gould polynomial satisfies the following skein relations [6] :
where s = −(t 0 − 1)(t 1 − 1). Put T i = t i − 1 for i = 0, 1. By using these skein relations, we obtain the following skein relation:
We denote by L 1 #L 2 a connected sum of L 1 and L 2 . Then we have
LG(L 2 ).
Lemma 3. For n ≥ 2, we have
LG(
Proof. By the definition of the Links-Gould polynomial, we have
for n ≥ 3, where the last equality follows from the skein relation (1) and the equality (2) . We show the second equality in Lemma 3 by induction on n. Let m ≥ 4. we suppose the equality for n < m. Then we have
An invariant for unordered links is that for ordered links by forgetting the order of an ordered link.
Lemma 4. For
Proof. The Links-Gould polynomial vanishes for a split link, and so is the coefficient:
, by Lemma 3 and the equality (2), we have
, which implies
which implies 
